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Abstract. Work is aimed at the study of a rotor with a vertical axis and a fixed ball-type automatic 
balancer, whose body is placed concentrically in relation to the rotation axis. The rotor has 
disbalance that creates vibrations of the system. An automatic balancer with a torus-shaped body 
contains one ball-type corrective mass that freely rolls within the body of the automatic balancer 
both circle-wise and in cross-section. This reduces forces of resistance in the motion regime of a 
ball to the minimum, but simultaneously decreases the chance of putting the automatic balancer 
in motion. Experimental researches with the automatic balancer have proved that together with 
the working regime, when a ball stops in relation to the rotating body towards disbalance, there is 
a regime when a ball continuously moves in relation to the body of the balancer. A mathematical 
model containing four differential equations has been made for a rotor with an automatic balancer. 
The results of the calculations have shown that a ball of a balancer with a torus-shaped body has 
at least two motion regimes, one of which is a working regime, while another one is superfluous 
one. 
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1. Introduction  
In order to develop constructions with higher quality it is necessary to decrease vibrations of 
the rotor. Vibrations of the rotor system are to be decreased both in the stable regime and in other 
motion regimes. Automatic balancers with balls, liquid etc. can be named among the devices that 
are able to decrease vibrations of a rotor.  
If a ball takes up an optimal place in the body of a balancer, which is possible at a friction 
force decreased to the minimum, then the performance of the automatic balancer will be most 
efficient. This is possible if a ball has only one contact point with the body’s surface. Then the 
body of the automatic balancer has to be torus-shaped with a circular cross-section. Experimental 
researches with real automatic balancing devices with a vertical rotation axis have shown that 
balls have various motion regimes when a rotor rolls with working speed. In the balancing regime 
balls stop in relation to the balancer’s body towards disbalance [1]. In the second regime balls 
steadily and continuously move in relation to the body of the balancer, and vibrations of the rotor 
increase. The case of continuous movement of the ball has been experimentally studied in the 
research of a centrifuge [2] and in the research of the mathematical model of the automatic 
balancer [3]. In order to provide a working regime for the automatic balancer, there has been a 
construction received experimentally [4], in which only working regime has been realized, i.e. 
during rotor’s rotation the balls stop in relation to the body against disbalance.  
2. Experimental researches 
The scheme of the experimental centrifuge and the amplitudes of the body’s vibrations in two 
motion regimes of the balls can be seen in Fig. 1 [2]. Rotor disbalance has been imitated with mass 
of 50 g, which has been attached to the centrifuge container. It has been attached at the distance 
of 270 mm from the base and the body’s vibrations have been measured in point A at the distance 
of 200 mm from the base (Fig. 1(a)). The rotor of the centrifuge rotates with the angular  
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speed ߱ = 140 s-1. 
The experimental research of the ball-type automatic balancer with vertical rotation axis shows 
that the balancer has various working regimes. In one regime balls steadily and continuously move 
in relation to the body of the balancer and this results in the increase of vibrations in the body of 
the centrifuge (Fig. 1(b)). 
In the second regime the balls stop in relation to the body of the balancer motionlessly towards 
disbalance and this is a balancing regime. Vibrations of the body of the centrifuge decrease in this 
case (Fig. 1(c)). 
  
Fig. 1. a) Scheme of the experimental centrifuge; amplitudes of body’s vibrations  
in point A in two regimes: b) in case of the relative motion of the ball;  
c) – in case of automatic balancing (ܶ = 0,0448 s-1 – rotation period) 
3. Numerical scheme and mathematical model of the ball-type balancer 
This work is aimed at the study of a symmetric, vertical tough rotor that is fixed in bearings, 
with an ability to move in the space. The body of the balancer is torus-shaped; there is a ball with 
mass m inside it. The rotor with mass ݉௥ has disbalance with value ݁. The rotor is fixed to the 
base with flexible system, which has toughness coefficient c and dissipation coefficient ܾ. A 
numerical scheme of the rotor with four free stages is shown in Fig. 2.  
 
Fig. 2. Numerical scheme of the rotor 
Differential motion equations in the rotor systems with the automatic balancer, according to 
the numerical scheme, are as follows:  
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ܯݔሷ + ܾݔሶ + ܿݔ − ܴ݉ ቂ൫ ሶ߮ + ሶ߰ ൯ଶ cos(߮ + ߰) + ൫ ሷ߮ + ሷ߰ ൯sin(߮ + ߰)ቃ + (ߙሷ cosߙ − ߙሶ ଶsinߙ)
× ݉(ܴଵ − ݎ)cos(߮ + ߰) − 2݉(ܴଵ − ݎ)ߙሶ ൫ ሶ߮ + ሶ߰ ൯cosߙ sin(߮ + ߰)
       = ݉௥݁( ሶ߮ ଶcos߮ + ሷ߮ sin߮),
(1)
ܯݕሷ + ܾݕሶ + ܿݕ − ܴ݉ ቂ൫ ሶ߮ + ሶ߰ ൯ଶ sin(߮ + ߰) − ൫ ሷ߮ + ሷ߰ ൯cos(߮ + ߰)ቃ + (ߙሷ cosߙ − ߙሶ ଶsinߙ) 
      × ݉(ܴଵ − ݎ)sin(߮ + ߰) + 2݉(ܴଵ − ݎ)ߙሶ ൫ ሶ߮ + ሶ߰ ൯cosߙcos(߮ + ߰)
      = ݉௥݁( ሶ߮ ଶsin߮ − ሷ߮ cos߮),
(2)
ܴ݉ଶ ൬75 ሷ߰ + ሷ߮ ൰ − ܴ݉ሾݔሷsin(߮ + ߰) − ݕሷcos(߮ + ߰)ሿ
      +2݉(ܴଵ − ݎ)ܴ൫ ሶ߮ + ሶ߰ ൯ߙሶ cosߙ +
ܰ݇(ܴ + ܴଵsinߙ)
ݎ sign ሶ߰ = 0,
(3)
7
5 ݉(ܴଵ − ݎ)
ଶߙሷ + ݉(ܴଵ − ݎ)ሾݔሷ cos(߮ + ߰) + ݕሷsin(߮ + ߰)ሿcosߙ
      −ܴ݉(ܴଵ − ݎ)൫ ሶ߮ + ሶ߰ ൯ଶcosߙ + ݉݃(ܴଵ − ݎ)sinߙ +
ܴܰ݇ଵ
ݎ signߙሶ = 0.
(4)
The standing point of the corrective mass (ball) is determined by two coordinates ߙ and ߰ in 
a system of moving coordinates, which is connected to the rotor and rotate with angular speed ߱. 
The rotor rotates with constant angular speed ߱ = 140 s-1. Taking into account that in the 
stationary regime the oscillations in the rotor axis are approaching disbalance ݁, let us simplify 
the Eq. (1-4). In addition, we will exclude the ball’s accelerators from them to make it possible to 
calculate the model with the help of SPRING software [5]: 
ݔሷ = − ܾܯ ݔሶ −
ܿ
ܯ ݔ +
݉
ܯ ܴ൫߱ + ሶ߰ ൯
ଶ cos(߮ + ߰) + ݉ܯ (ܴଵ − ݎ)ߙሶ
ଶsinߙ cos(߮ + ߰) 
      +2 ݉ܯ (ܴଵ − ݎ)ߙሶ ൫߱ + ሶ߰ ൯cosߙ sin(߮ + ߰) + ݁߱
ଶcos߮,
(5)
ݕሷ = − ܾܯ ݕሶ −
ܿ
ܯ ݕ +
݉
ܯ ܴ൫߱ + ሶ߰ ൯
ଶ sin(߮ + ߰) + ݉ܯ (ܴଵ − ݎ)ߙሶ
ଶsinߙ sin(߮ + ߰) 
      −2 ݉ܯ (ܴଵ − ݎ)ߙሶ ൫߱ + ሶ߰ ൯cosߙ cos(߮ + ߰) + ݁߱
ଶsin߮,
(6)
ሷ߰ = − 107ܴ (ܴଵ − ݎ)൫߱ + ሶ߰ ൯ߙሶ cosߙ
      + 57ܴ ݁߱
ଶሾcos߮ sin(߮ + ߰) − sin߮ cos(߮ + ߰)ሿ − 5ܰ݇7ܴݎ sign ሶ߰ ,
(7)
ߙሷ = − 57(ܴଵ − ݎ) ݁߱
ଶcosߙሾcos߮ cos(߮ + ߰) − sin߮ sin(߮ + ߰)ሿ
       + 57(ܴଵ − ݎ) ܴcosߙ(߱ + ߰)
ሶ ଶ − 57(ܴଵ − ݎ) ݃sinߙ −
5
7(ܴଵ − ݎ)ଶݎ ܴܰ݇ଵsignߙሶ ,   
(8)
where: ܯ = ݉௥  + ݉ – mass of the rotor system; ߮ = ߱ݐ – angle of the rotor’s turning around its 
axis, rad; ݃ = 9,81 m/s2 – acceleration of a free drop; ݁ – rotor disbalance; ܰ – specific normal 
speed of the ball on the surface of the balancer, m/s2 (Eq. (9)); ߰ – angle determining the condition 
of the mass centre of the corrective mass in relation to the straight line that unites the rotor’s axis 
with the balancer’s body in the direction of the axis rotation; ߙ – angle determining the condition 
of the mass centre of the corrective mass in the cross-section in relation to the vertical axis that 
goes through the centre of the body’s cross-section; ݇  – coefficient of the rotational friction 
between the rotation of the ball and balancer’s body and in the cross direction, m; ܴ – torus centre 
line radius, m; ܴଵ – torus cross-section radius, m; ݎ – radius of the ball, m; and: 
ܰ = ݃cosߙ + ܴ(߱ + ሶ߰ )ଶsinߙ + (ܴଵ − ݎ)ߙሶ ଶ. (9)
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4. Research and results of the mathematical model  
Differential motion Eqs. (5-8), in the rotor systems with the automatic balancer have been 
researched with the help of SPRING software that enables calculating motion of the ball both in 
the working and superfluous regimes. The ball, which is found in the torus-shaped body of the 
automatic balancer, has various motion regimes during the rotor’s rotation. One of them is when 
the ball stops in relation to the body of the automatic balancer from the opposite side of disbalance 
on the torus side, i.e. ߰ = 3,14156 and ߙ = 1,56825 rad. We will call this type of the balls’ motion 
together with the body of the automatic balancer as the working regime. In this regime the force 
that works upon the ball is divided into two components. One force component works in the radial 
direction while another one in tangential. In the working regime the tangential component attempts 
to move the ball in the direction against rotor disbalance. At the same time, the closer the ball is 
to the place of the working regime (߰ = 3,14156 rad), the less tangential force works upon  
the ball.  
The regimes of the motion of the ball and the rotor have been researched with the following 
parametres of the rotor system: ܴ =  0,2 m; ܴଵ =  0,015 m; ݎ =  0,0125 m; ݁ =  0,005 m;  
݉௥ = 10 kg – mass of the rotor; ݉ = 0,05 kg – mass of the ball; ܿ = 10 N/m – toughness of the 
flexible system; ܾ = 50 N·s/m – dissipation coefficient; ߱ = 140 s-1 – angular speed of the rotor; 
݇ = 10-5 m – friction coefficient. 
In the second motion regime of the ball the ball moves continuously in relation to the body of 
the automatic balancer both in the direction of the torus circle and in cross direction. We will call 
this type of the ball’s motion as a stable superfluous motion regime (Fig. 3, Fig. 4). 
 
Fig. 3. Phase portrait of the superfluous motion regime of the ball 
 
Fig. 4. Axis amplitudes of the rotor 
It can be seen in Fig. 5 that in the working regime the ball stops in the torus-shaped body in 
the direction of rotation ߰ = 3,14156 rad, and in the cross direction on the body’s surface with 
coordinate ߙ = 1,56825 rad. 
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Fig. 5. Phase portrait of the ball’s working regime 
 
Fig. 6. Amplitudes of vibrations of the rotor axis 
At the same time the rotor axis reduces amplitudes of vibrations, which can be seen in Fig. 6.  
The dark area indicates that at initial conditions ߰  and ሶ߰  (initial phase coordinates in 
cross-section ߙ = 0 and ߙሶ =  0) the working regime is provided for the balancer. If initial 
conditions ߰  and ሶ߰  are taken outside the dark area (at ߙ =  0 and ߙሶ =  0) there will be the 
superfluous working regime of the ball in the balancer. 
In order to find initial conditions at which the ball will enter the working regime, the graphs in 
the system of the ball’s phase coordinates have been built, Fig. 7. 
 
Fig. 7. Initial conditions according to phase’s coordinates ߰ and ሶ߰  when ߙ = 0  
and ߙሶ = 0 with coefficient of friction: ݇ = 10-5 m 
5. Conclusions 
The results of the calculations have shown that a ball in the torus-shaped balancer has at least 
two motion regimes, one of which is the working regime and another one is the superfluous  
MODEL OF A VERTICAL ROTOR WITH A BALL-TYPE AUTOMATIC BALANCER.  
GUNTIS STRAUTMANIS, MAREKS MEZITIS, VALENTINA STRAUTMANE 
62 © JVE INTERNATIONAL LTD. VIBROENGINEERING PROCEDIA. OCT 2016, VOL. 8. ISSN 2345-0533  
regime. The rotor axis moves with increased amplitudes when the superfluous regime occurs. 
Superfluous regime is stable and to make the ball enter the working regime it is necessary to 
provide for initial conditions (initial speed and angle). 
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